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Abstract
The lack of boundary controls is often encountered in practical applications and causes a crucial difficulty for realizing the exact
boundary controllability. In this paper, taking the Saint-Venant system as example, by means of a global constructive method based
on the theory on the semi-global C1 solution to quasilinear hyperbolic systems, we establish the exact boundary controllability of
nodal profile for unsteady flows on a tree-like network of open canals. The principles of providing the nodal profiles, of choosing
the boundary controls and of transferring the boundary controls are presented, respectively.
© 2012 Elsevier Masson SAS. All rights reserved.
Résumé
L’insuffisance de contrôles frontières se rencontre fréquemment dans les applications, mais it est en général très difficile de
réaliser la contrôlabilitté exacte frontière. Dans cet article, partant du système de Saint-Venant, on démontre la contrôlabilité
exacte frontière de profils nodaux dans le mouvement non stationnaire d’un fluide s’écoulant dans un réseau de canaux ouverts du
type en arbre ; la démonstration utilise une méthode de construction globale à partir des solutions C1 semi globales de systèmes
hyperboliques quasi linéaires. On donne des principes permettant, respectivement, de construire des profiles nodaux, de choisir des
contrôles frontièrres et de transférer les contrôles frontières.
© 2012 Elsevier Masson SAS. All rights reserved.
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1. Introduction
The theory on the local exact boundary controllability for one-dimensional quasilinear hyperbolic systems was
completely given in [13,16,17,20]. Based on this theory, the local exact boundary controllability for quasilinear
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connected network without loop. Other results on the controllability on a tree-like network can be also found in
[1–3,10,11], etc.
Recently, for the purpose of some practical applications, a new kind of exact boundary controllability, namely, the
exact boundary controllability of nodal profile, was introduced for quasilinear hyperbolic systems in [9] and [14].
Different from the usual exact boundary controllability which asks the solution to the system under certain boundary
controls to reach a given final state at a suitably large time t = T , the exact boundary controllability of nodal profile
requires that under certain boundary controls, the value of solution fits some given profiles on one or several nodes
for t  T . In [14], the author applied a constructive method to give a general framework for dealing with the exact
boundary controllability of nodal profile in a neighbourhood of an equilibrium for general one-dimensional quasilinear
hyperbolic systems with general nonlinear boundary conditions.
After that, by extending and applying the constructive method given in [14], the local exact boundary controllability
of nodal profile for one-dimensional quasilinear hyperbolic systems with nonlinear boundary conditions on a tree-like
network with general topology was established in [8]. Although quite general one-dimensional quasilinear hyperbolic
systems and quite general nonlinear boundary conditions are considered in [8], several problems still exist when we
deal with some practical cases. First, both the nodal profiles and the controls are given in the form of diagonalized
variables in [8], but in practical problems, the nodal profiles are given in a form of physically meaningful functions,
and the controls are physical variables which can be chosen easily, however, the nodal profiles and the controls have
often quite complicated relationship with the diagonalized variables of the system. Secondly, the boundary controls are
usually not enough in practical problems, namely, in certain boundary conditions or interface conditions, we cannot
find enough boundary controls. These lead new challenges for establishing the exact boundary controllability of nodal
profile. In this paper, facing these difficulties and taking the Saint-Venant system as example, we study the exact
boundary controllability of nodal profile for unsteady flows on a tree-like network of open canals, in which the nodal
profiles are given in the form of the area A of the cross section occupied by the water (or the depth h of the water) and
the average velocity V of the water, while the controls are chosen to be the flux on the corresponding nodes. Based
on it, we get a general theory on the exact boundary controllability of nodal profile for unsteady flows on a tree-like
network of open canals, and give the possibility to establish the controllability of nodal profile by only choosing the
controls on simple nodes.
In [14] and [8], some relationships between the controls and the nodal profiles are given for establishing the exact
boundary controllability of nodal profile. That is, a nodal profile and a corresponding control should be given on two
endpoints of a string, respectively, and the total number of the given nodal profiles should be equal to the minimum
number of the required controls (this number of controls is sharp). In this paper, according to practical demands,
we generalize this result by considering the situation that the given nodal profiles satisfy some constraints (which
correspond to some boundary conditions), and get that the number of the given nodal profiles minus the number of
the constraints is equal to the minimum number of the required controls (this number of controls is still sharp).
This paper is arranged as follows. In Section 2, we will present the result on the exact boundary controllability
of nodal profile for one-dimensional quasilinear hyperbolic systems in [14], and apply it to the problem of unsteady
flows in an open canal. Then, the star-like network of open canals will be considered in Section 3, in which a part
of results is the improvement of the results given in [8], while another part is obtained specially for the problem of
unsteady flows on a star-like network of open canals. Finally, we will establish the exact boundary controllability of
nodal profile on a tree-like network of open canals with general topology in Section 4.
2. Exact boundary controllability of nodal profile in a single open canal
For the purpose of this paper, in this section we briefly recall the results about the exact boundary controllability
of nodal profile given in [14]. Since there are only two unknown functions in Saint-Venant system, and on the domain





+ λ1(r, s) ∂r
∂x
= f1(r, s),
∂s + λ2(r, s) ∂s = f2(r, s),
0 x  L, t  0, (1)∂t ∂x
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functions of (r, s), satisfying that
λ1(r, s) < 0 < λ2(r, s) (2)
and
F(0,0) = 0. (3)
By (3), (r, s) = (0,0) is an equilibrium of system (1).
Give the following nonlinear boundary conditions:
x = 0: s = G2(t, r)+ h2(t), (4)
x = L: r = G1(t, s)+ h1(t), (5)
where Gi and hi (i = 1,2) are C1 functions with respect to their arguments, and, without loss of generality, we assume
that
Gi(t,0) ≡ 0 (i = 1,2). (6)
The initial condition is given as
t = 0: (r, s) = (ϕ(x),ψ(x)), 0 x  L. (7)






and T¯ > T . For any given initial data (ϕ(x),ψ(x)) with small norm ‖(ϕ,ψ)‖C1[0,L] and for any given boundary
function h1(t) with small norm ‖h1‖C1[0,T¯ ], such that the conditions of C1 compatibility are satisfied at the point
(t, x) = (0,L), if we give the nodal profile ¯¯s(t) with small norm ‖¯¯s‖C1[T ,T¯ ] at x = L on the interval [T , T¯ ], then there
exists a boundary control h2(t) with small norm ‖h2‖C1[0,T¯ ] on the interval [0, T¯ ], such that the corresponding mixed
initial–boundary value problem (1), (7) and (4)–(5) admits a unique C1 solution (r, s) = (r(t, x), s(t, x)) with small
norm ‖(r, s)‖C1[R(T¯ )] on the domain R(T¯ ) = {(t, x) | 0 t  T¯ , 0 x  L}. Moreover, at x = L we have
s = ¯¯s(t), T  t  T¯ . (9)
Remark 2.1. The relationship between the number of the given nodal profiles and that of the required controls is given
in a remark of [14] as follows:
the number of the required controls = the number of the given nodal profiles. (10)
Both of them are equal to 1 here. Just as pointed out in [14], at x = L, giving the nodal profile (9) is equivalent to
giving a pair of nodal profiles {
r = ¯¯r(t),
s = ¯¯s(t), (11)
which satisfy the boundary condition (5). That means that we can give two nodal profiles at x = L, but they should
satisfy one constraint (namely, the boundary condition (5)). Thus, (10) can be rewritten as
the number of the required controls
= the number of the given nodal profiles − the number of the constraints. (12)
Remark 2.2. By the proof of Theorem 2.1 in [14], we can construct a C1 solution (r, s) = (r(t, x), s(t, x)) to
system (1) on the domain R(T¯ ), which satisfies the initial condition (7), the boundary condition (5) at x = L, and
the given nodal profiles (11) at x = L on the interval [T , T¯ ].
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t  0, 0 x  L, (13)
where A = A(t, x) is the area of the cross section occupied by the water at x at time t , V = V (t, x) is the average
velocity over the cross section and
S = 1
2
V 2 + gh(A)+ gYb, (14)
where g is the gravity constant, constant Yb denotes the altitude of the bed of canal, and
h = h(A) (15)
is the depth of the water, h(A) being a suitably smooth function of A, such that
h′(A) > 0. (16)




In a neighbourhood of this equilibrium state, the eigenvalues of system (13) are
λ1 = V −
√
gAh′(A) < 0 < λ2 = V +
√
gAh′(A). (18)
The initial condition is given by
t = 0: (A,V ) = (A0(x),V0(x)), 0 x  L, (19)
and the flux boundary conditions are given by
x = 0: AV = q2(t), (20)
x = L: AV = q1(t). (21)






and T¯ > T . For any given initial data (A0(x),V0(x)) with small norm ‖(A0(x)−A0,V0(x)−V0)‖C1[0,L] and for any
given boundary function q1(t) with small norm ‖q1(t) − A0V0‖C1[0,T¯ ], such that the conditions of C1 compatibility
are satisfied at the point (t, x) = (0,L), if we give the nodal profile ( ¯¯a(t), ¯¯v(t)) at x = L on the interval [T , T¯ ]
with small norm ‖( ¯¯a(t) − A0, ¯¯v(t) − V0)‖C1[T ,T¯ ], satisfying the boundary condition (21), namely, ¯¯a(t) ¯¯v(t) = q1(t),
then there exists a boundary control q2(t) with small norm ‖q2(t) − A0V0‖C1[0,T¯ ] on the interval [0, T¯ ], such that
the corresponding mixed initial–boundary value problem (13), (19) and (20)–(21) admits a unique C1 solution
(A,V ) = (A(t, x),V (t, x)) with small norm ‖(A(t, x) − A0,V (t, x) − V0)‖C1[R(T¯ )] on the domain
R(T¯ ) = {(t, x) | 0  t  T¯ , 0  x  L}. Moreover, at the boundary x = L the solution exactly satisfies the given
nodal profile
A(t) = ¯¯a(t), V (t) = ¯¯v(t), T  t  T¯ . (23)
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invariants (r, s): {
2r = V − V0 −G(A),










V = r + s + V0,
A = H(s − r) > 0, (26)
where H is the inverse function of G and
















+ λ2(r, s) ∂s
∂x
= 0,
t  0, 0 x  L, (29)
where ⎧⎨
⎩
λ1(r, s) = r + s + V0 −
√
gH(s − r)h′(H(s − r))< 0,
λ2(r, s) = r + s + V0 +
√
gH(s − r)h′(H(s − r))> 0. (30)
Correspondingly, the boundary conditions (20)–(21) can be rewritten as
x = 0: P2 def= (r + s + V0)H(s − r)− q2(t) = 0, (31)
x = L: P1 def= (r + s + V0)H(s − r)− q1(t) = 0. (32)





















the boundary conditions (31)–(32) can be equivalently rewritten as
x = 0: s = g2(t, r)+ h2(t), (35)
x = L: r = g1(t, s)+ h1(t), (36)
where, without loss of generality, we assume that
g1(t,0) ≡ g2(t,0) ≡ 0, (37)
Q. Gu, T. Li / J. Math. Pures Appl. 99 (2013) 86–105 91Fig. 1. Exact boundary controllability of nodal profile on a single open canal.
Fig. 2. Star-like network of open canals.
then ∥∥qi(t)−A0V0∥∥C1[0,T ] small ⇐⇒ ∥∥hi(t)∥∥C1[0,T ] small (i = 1,2). (38)
Moreover, at x = L on the interval [T , T¯ ], giving the nodal profile (23) is equivalent to giving the nodal profile
r = 1
2
( ¯¯v(t)− V0 −G( ¯¯a(t))), s = 12
( ¯¯v(t)− V0 +G( ¯¯a(t))). (39)
Thus, by Theorem 2.1 and Remark 2.2, we can construct a C1 solution (A,V ) = (A(t, x),V (t, x)) to system (13)
on the domain R(T¯ ), which satisfies the initial condition (19), the boundary condition (21) at x = L and the nodal
profile (23) at x = L on the interval [T , T¯ ]. This finishes the proof of Theorem 2.2. 
Remark 2.3. We use Fig. 1 to illustrate the exact boundary controllability of nodal profile on a single open canal.
In all figures of this paper, “→” on one node means giving a pair of nodal profiles on this node, while “•” on one node
means choosing a control on this node.
3. Exact boundary controllability of nodal profile on a star-like network of open canals
In this section, we consider the exact boundary controllability of nodal profile on a star-like network of open canals.
A star-like network is a connected network with only one multiple node. Suppose that the network is composed of N
open canals with the joint point O (see Fig. 2). For i = 1, . . . ,N , let Ei be another node of the ith canal, and Li its
length. Let the coordinate of the multiple node O be x = 0, the ith canal can be parameterized as x ∈ [0,Li].
Still suppose that the canals are horizontal and cylindrical, similarly to the case of one single canal, the unsteady












t  0, 0 x  Li (i = 1, . . . ,N), (40)
where, for the ith canal, Ai = Ai(t, x) is the area of the cross section occupied by the water at x at time t , Vi = Vi(t, x)
is the average velocity over the cross section and
Si = 12V
2
i + ghi(Ai)+ gYib, (41)
where g is the gravity constant, constant Yib denotes the altitude of the bed of canal, and
hi = hi(Ai) (42)
is the depth of the water, hi(Ai) being a suitably smooth function of Ai , such that
h′i (Ai) > 0. (43)
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, 0 x  Li (i = 1, . . . ,N). (44)
At any given simple node we have the flux boundary condition
x = Li : AiVi = qi(t) (i = 1, . . . ,N), (45)




AiVi = q0(t), (46)
and the “energy-type” interface condition
x = 0: Si = S1 (i = 2, . . . ,N). (47)




gAi0h′i (Ai0) (i = 1, . . . ,N). (48)
Moreover, corresponding to (46)–(47), we suppose that
N∑
i=1
Ai0Vi0 = 0, (49)




i0 + ghi(Ai0)+ gYbi (i = 1, . . . ,N). (51)
In a neighbourhood of this equilibrium state, the eigenvalues of system (40) are














and T¯ > T . For any given initial data (Ai0(x),Vi0(x)) (i = 1, . . . ,N) with small norm∑N
i=1 ‖(Ai0(x) − Ai0,Vi0(x) − Vi0)‖C1[0,Li ] and for any given boundary flux functions qi(t) (i = 1, . . . ,N)
with small norm ‖qi(t) − Ai0Vi0‖C1[0,T¯ ] (i = 1, . . . ,N), such that the conditions of C1 compatibility are
satisfied at the point (t, x) = (0,Li) (i = 1, . . . ,N), respectively, if we give the nodal profile ( ¯¯a1(t), ¯¯v1(t))
at x = L1 on the interval [T , T¯ ] with small norm ‖( ¯¯a1(t) − A10, ¯¯v1(t) − V10)‖C1[T ,T¯ ], satisfying the flux
boundary condition (45) at x = L1, namely, ¯¯a1(t) ¯¯v1(t) = q1(t), then there exists a boundary control q0(t)
with small norm ‖q0(t)‖C1[0,T¯ ] at x = 0 on the interval [0, T¯ ], such that the corresponding mixed
initial–boundary value problem (40) and (44)–(47) admits a unique piecewise C1 solution (Ai(t, x),Vi(t, x))
(i = 1, . . . ,N) with small norm ∑Ni=1 ‖(Ai(t, x) − Ai0,Vi(t, x) − Vi0)‖C1[Ri(T¯ )] on the domain
R(T¯ ) =⋃Ni=1 Ri(T¯ ) =⋃Ni=1{(t, x) | 0 t  T¯ , 0 x  Li}. Moreover, at the boundary x = L1 the solution exactly
satisfies the given nodal profile
A1(t) = ¯¯a1(t), V1(t) = ¯¯v1(t), T  t  T¯ . (54)
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such that it satisfies the initial condition (44), the boundary condition (45) at x = Li (i = 1, . . . ,N), the “energy-type”
interface condition (47) at x = 0 and the given nodal profile (54) at x = L1 on the interval [T , T¯ ]. Substituting this
solution into the total flux interface condition (46) at x = 0, we get the desired control q0(t).
For this end, we first consider the first canal. By Theorem 2.2, on the domain R1(T¯ ) we can find a C1 solution
(A1(t, x),V1(t, x)) to system (40) for i = 1, such that it satisfies the initial condition (44) for i = 1, the boundary
condition (45) at x = L1, and the nodal profile (54) at x = L1 on the interval [T , T¯ ]. Thus, we can get the value of S1






)+ gY1b, 0 t  T¯ . (55)
Next, for k = 2, . . . ,N , we want to find a C1 solution (Ak(t, x), Vk(t, x)) to system (40) for i = k on the domain
Rk(T¯ ), such that it satisfies the initial condition (44) for i = k, the boundary condition (45) at x = Lk and the boundary
condition
x = 0: Sk(t) = S1(t). (56)
For this purpose, similarly to the proof of Theorem 2.2, we introduce a group of Riemann invariants (rk, sk):{
2rk = Vk − Vk0 −Gk(Ak),










Vk = rk + sk + Vk0,
Ak = Hk(sk − rk) > 0, (59)
where Hk is the inverse function of Gk with


















t  0, 0 x  Lk, (62)
where ⎧⎨
⎩















The boundary condition (45) at x = Lk can be equivalently rewritten as
rk = gk1(t, sk)+ hk1(t), (64)
where, without loss of generality, we assume that
gk1(t,0) ≡ 0, (65)
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then ∥∥qk(t)−Ak0Vk0∥∥C1[0,T ] small ⇐⇒ ∥∥hk1(t)∥∥C1[0,T ] small. (66)
Let
P3k
def= Sk(rk, sk)− S1(t). (67)





gAk0h′k(Ak0)+ Vk0 > 0, (68)
in a neighbourhood of (Ak,Vk) = (Ak0,Vk0), the boundary condition (56) can be equivalently rewritten as
x = 0: sk = gk2(t, rk)+ hk2(t), (69)
where, without loss of generality, we assume that
gk2(t,0) ≡ 0, (70)
then ‖hk2(t)‖C1[0,T¯ ] is suitably small. By the theory on the semi-global C1 solution to quasilinear hyperbolic systems
(see [13,15]), system (40) with the initial condition (44) for i = k, the boundary condition (45) at x = Lk and the
boundary condition (56) at x = 0 admit a unique C1 solution (Ak(t, x),Vk(t, x)) with small C1 norm on the domain
Rk(T¯ ) corresponding to the kth canal. Thus, (Ai(t, x),Vi(t, x)) (i = 1, . . . ,N) is a desired piecewise C1 solution to
system (40) on the whole domain R(T¯ ). 
Remark 3.1. In Theorem 3.1, the number of the given nodal profiles and that of the boundary controls still satisfy
the relationship (12). In this situation, 2 nodal profiles are given at the simple node L1, but they should satisfy one
boundary condition on this node. The number of the corresponding boundary controls is 1, and this control is given at
another node of the corresponding canal, namely, at the multiple node O . See Fig. 3.
Remark 3.2. By the proof of the previous theorems, at one node of a single canal or a single node x = Li of a star-like
network, the flux boundary condition (45) can be replaced by
x = Li : Si(t) = si(t), (71)
where si(t) is a given C1 function with small norm ‖si(t)− Si0‖C1[0,T¯ ]. (71) is still a well-posed boundary condition.





and T¯ > T . For any given initial data (Ai0(x),Vi0(x)) (i = 1, . . . ,N) with small norm∑N
i=1 ‖(Ai0(x)−Ai0,Vi0(x)−Vi0)‖C1[0,Li ] and for any given boundary flux functions qi(t) (i = m+1, . . . ,N) with
small norms ‖qi(t)−Ai0Vi0‖C1[0,T¯ ] (i = m+ 1, . . . ,N), such that the conditions of C1 compatibility are satisfied at
the points (t, x) = (0,Li) (i = m + 1, . . . ,N), respectively, if we give the nodal profiles ( ¯¯ai(t), ¯¯vi(t)) (i = 1, . . . ,m)
Q. Gu, T. Li / J. Math. Pures Appl. 99 (2013) 86–105 95at x = 0 on the interval [T , T¯ ] with small norms ‖( ¯¯ai(t) − Ai0, ¯¯vi(t) − Vi0)‖C1[T ,T¯ ] (i = 1, . . . ,m), satisfying the
“energy-type” interface condition
x = 0: ¯¯Si(t) = ¯¯S1(t) (i = 2, . . . ,m), (73)
where
¯¯Si(t) = 12 ¯¯vi(t)
2 + ghi
( ¯¯ai(t))+ gYib (i = 1, . . . ,m), (74)
then on the interval [0, T¯ ] there exist a boundary control q0(t) at x = 0 and boundary controls qi(t) (i = 1, . . . ,m)
at x = Li (i = 1, . . . ,m), respectively, with small norms ‖q0(t)‖C1[0,T¯ ] and ‖qi(t) − Ai0Vi0‖C1[0,T¯ ] (i = 1, . . . ,m),
such that the corresponding mixed initial–boundary value problem (40) and (44)–(47) admits a unique piecewise
C1 solution (Ai(t, x),Vi(t, x)) (i = 1, . . . ,N) on the domain R(T¯ ) with small norm ∑Ni=1 ‖(Ai(t, x) − Ai0,
Vi(t, x)− Vi0)‖C1[Ri(T¯ )]. Moreover, at x = 0 the solution satisfies the given nodal profiles
Ai(t) = ¯¯ai(t), Vi(t) = ¯¯vi(t) (i = 1, . . . ,m), T  t  T¯ . (75)
Proof. We need only to construct a piecewise C1 solution to system (40) on the domain R(T¯ ), such that it satisfies
the initial condition (44), the boundary conditions (45) at x = Li (i = m + 1, . . . ,N), the “energy-type” interface
condition (47) at x = 0 and the given nodal profiles (75) at x = 0 on the interval [T , T¯ ].
First, introducing an artificial flux boundary condition at x = 0 on the first canal, by Theorem 2.2 we can construct
a C1 solution (A1(t, x),V1(t, x)) to system (40) for i = 1 on the domain R1(T¯ ), which satisfies the initial condition







)+ gY1b, 0 t  T¯ . (76)
For each k = 2, . . . ,N , by Theorem 3.1 and Remark 3.2, the condition Sk(t) = S1(t) can be treated as a well-posed
boundary condition at x = 0 on the kth canal, moreover, the given nodal profile ( ¯¯ak(t), ¯¯vk(t)) satisfies this constraint.
Hence, for k = 2, . . . ,m, on the kth canal we can also construct a C1 solution (Ak(t, x),Vk(t, x)) to system (40) for
i = k on the domain Rk(T¯ ), which satisfies the initial condition (44) for i = k, the “energy-type” interface condition
(47) for i = k at x = 0 and the given nodal profile (75) for i = k at x = 0 on the interval [T , T¯ ].
Finally, for each k = m + 1, . . . ,N , we can solve system (40) for i = k with the initial condition (44) for i = k,
the flux boundary condition (45) at x = Lk and the boundary condition (47) at x = 0 on the domain Rk(T¯ ). Noting
Remark 3.2, by the theory on the semi-global C1 solution to quasilinear hyperbolic systems (see [13,15]), this
mixed initial–boundary value problem admits a unique C1 solution (Ak(t, x),Vk(t, x)). Thus, (Ai(t, x),Vi(t, x))
(i = 1, . . . ,N) is a desired piecewise C1 solution to system (40) on the entire domain R(T¯ ). 
Remark 3.3. In Theorem 3.2, the number of the given nodal profiles and that of the boundary controls still satisfy
the relationship (12). In this situation, there are 2m nodal profiles given at the multiple node x = 0, but they should
satisfy m − 1 constraints given by the interface conditions at this node. The number of the corresponding boundary
controls is m + 1, in which one is given at the multiple node x = 0, while the other m boundary controls are given at
another node of the canals corresponding to the given nodal profiles, respectively. See Fig. 4(1), where “•” still means
choosing a control at this node, while “→” means giving a pair of nodal profiles corresponding to that canal at this
node. When m = 1, there are 2 given nodal profiles without constraints, and 2 controls are chosen at two nodes of the






and T¯ > T . For any given initial data (Ai0(x),Vi0(x)) (i = 1, . . . ,N) with small norm∑N
i=1 ‖(Ai0(x)−Ai0,Vi0(x)−Vi0)‖C1[0,Li ] and for any given functions q0(t) and qi(t) (i = 1, . . . ,N −1) with small
norms ‖q0(t)‖C1[0,T¯ ] and ‖qi(t) − Ai0Vi0‖C1[0,T¯ ] (i = 1, . . . ,N − 1), such that the conditions of C1 compatibility
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are satisfied at the points (t, x) = (0,0) and (0,Li) (i = 1, . . . ,N − 1), respectively, if we give the nodal profiles
( ¯¯a1(t), ¯¯v1(t)) at x = L1 on the interval [T , T¯ ] with small norm ‖( ¯¯a1(t) − A10, ¯¯v1(t) − V10)‖C1[T ,T¯ ], satisfying the
boundary condition at x = L1, namely, ¯¯a1(t) ¯¯v1(t) = q1(t), then there exists a boundary control function qN(t) at
x = LN on the interval [0, T¯ ] with small norm ‖qN(t)−AN0VN0‖C1[0,T¯ ], such that the mixed initial–boundary value
problem (40) and (44)–(47) admits a unique piecewise C1 solution (Ai(t, x),Vi(t, x)) (i = 1, . . . ,N) on the domain
R(T¯ ) with small norm
∑N
i=1 ‖(Ai(t, x)−Ai0,Vi(t, x)−Vi0)‖C1[Ri(T¯ )]. Moreover, at x = L1 the solution satisfies the
nodal profile
A1(t) = ¯¯a1(t), V1(t) = ¯¯v1(t), T  t  T¯ . (78)









|λN1(AN,VN)| < T. (79)
Give an artificial boundary condition at x = LN :
x = LN : ANVN = QN(t), (80)
where QN(t) is a suitably smooth function such that the C1 norm of (QN(t) − AN0VN0) is suitably small. By the
theory on the semi-global C1 solution to quasilinear hyperbolic systems (see [13,15]), the mixed initial–boundary
value problem (40), (44), (45) for i = 1, . . . ,N − 1, (46)–(47) and (80) admits a unique piecewise C1 solution
(A¯i(t, x), V¯i(t, x)) (i = 1, . . . ,N) on the domain R(T1) with small piecewise C1 norm. Thus, we get (a¯1(t), v¯1(t)),
the value of (A¯1(t, x), V¯1(t, x)) at x = L1 on the interval [0, T1]. Since T1 < T , we can get a smooth function
(a1, v1) = (a1(t), v1(t)) with small C1[0, T¯ ] norm at x = L1, such that(
a1(t), v1(t)
)= { (a¯1(t), v¯1(t)), 0 t  T1,
( ¯¯a1(t), ¯¯v1(t)), T  t  T¯ , (81)
and (a1(t), v1(t)) satisfies the boundary condition (45) for i = 1 at x = L1 on the interval [0, T¯ ].
Next, changing the role of t and x, we solve a leftward mixed initial–boundary value problem for system (40) for
i = 1 on the domain R1(T¯ ) together with the initial condition




, 0 t  T¯ , (82)
the boundary condition reduced from the original initial condition (44) for i = 1:
t = 0: A1V1 = A10(x)V10(x), 0 x  L1, (83)
and an artificial boundary condition
t = T¯ : A1V1 = Q1(x), 0 x  L1, (84)
where Q1(x) is a suitably smooth function with small norm ‖Q1(x) − A10V10‖C1[0,L1]. Still by the theory on the
semi-global C1 solution to quasilinear hyperbolic systems (see [13,15]), this leftward problem admits a unique C1
solution (A1(t, x),V1(t, x)) with small C1 norm on the domain R1(T¯ ).
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the initial condition




, 0 t  T1, (85)
and the boundary condition (83). By the uniqueness of C1 solution to the one-sided mixed initial–boundary value
problem (see [13,21]), we have (A1(t, x),V1(t, x)) ≡ (A¯1(t, x), V¯1(t, x)) on the maximum determinate domain of
solution. Noting (79), it is easy to see that(
A1(0, x),V1(0, x)
)= (A¯1(0, x), V¯1(0, x))= (A10(x),V10(x)), 0 x  L1, (86)
and (
A1(t,0),V1(t,0)











)+ gY1b, 0 t  T¯ . (89)
For each k = 2, . . . ,N −1, on the kth canal we solve a forward mixed initial–boundary value problem for system (40)
for i = k on the domain Rk(T¯ ) with the initial condition (44) for i = k, the boundary condition (45) at x = Lk and the
boundary condition
x = 0: Sk(Ak,Vk) = S1(t). (90)
Noting Remark 3.2, this problem admits a unique C1 solution (Ak(t, x),Vk(t, x)) on the domain Rk(T¯ ) with
corresponding small C1 norm. Moreover, noting that both this solution and (A¯k(t, x), V¯k(t, x)) satisfy the same system
with the same initial and boundary conditions on the domain Rk(T2), by the uniqueness of C1 solution, we have(
Ak(t, x),Vk(t, x)
)≡ (A¯k(t, x), V¯k(t, x)), (t, x) ∈ Rk(T2). (91)
Thus, at x = 0 we have(
Ak(t,0),Vk(t,0)






AiVi − q0(t), (93)
P5
def= SN(AN,VN)− S1(t). (94)
Noting that, when (AN,VN) = (AN0,VN0),∣∣∣∣ ∂(P4,P5)∂(AN,VN)
∣∣∣∣= V 2N0 − gAN0h′N(AN0) < 0, (95)
in a neighbourhood of (AN,VN) = (AN0,VN0), the total flux interface condition and the “energy-type” interface
condition for i = N at x = 0 can be equivalently rewritten in a form that AN and VN can be expressed by
(Ak,Vk) (i = 1, . . . ,N − 1). Since we have already constructed the solution (Ai(t, x),Vi(t, x)) on the domain Ri(T¯ )
(i = 1, . . . ,N − 1), we can use the value of these solutions at x = 0 on the interval [0, T¯ ] to uniquely determine
(aN(t), vN(t)), the value of (AN,VN) at x = 0 on the interval [0, T¯ ], moreover, by (87) and (92), we have(
aN(t), vN(t)
)= (AN(t,0),VN(t,0))= (A¯N (t,0), V¯N (t,0)), 0 t  T2. (96)
Finally, in order to construct a C1 solution on the N th canal, we solve a rightward mixed initial–boundary value
problem for system (40) for i = N on the domain RN(T¯ ) with the initial condition




, 0 t  T¯ , (97)
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the boundary condition reduced by the original initial condition (44):
t = 0: ANVN = AN0(x)VN0(x), 0 x  LN, (98)
and an artificial boundary condition
t = T¯ : ANVN = Q˜N(x), 0 x  LN, (99)
where Q˜N(t) is a suitably smooth function with small norm ‖Q˜N(t) − AN0VN0‖C1[0,LN ]. Still by the theory on the
semi-global C1 solution to quasilinear hyperbolic systems (see [13,15]), this rightward problem admits a unique C1
solution (AN(t, x),VN(t, x)) with small C1 norm on the domain RN(T¯ ).
Noting (96), both (AN(t, x),VN(t, x)) and (A¯N (t, x), V¯N (t, x)) satisfy system (40) for i = N on the domain
RN(T2), the initial condition




, 0 t  T2, (100)
and the boundary condition (98). By the uniqueness of C1 solution to one-sided mixed initial–boundary value problem
(see [13,21]), we get (AN(t, x),VN(t, x)) ≡ (A¯N (t, x), V¯N (t, x)) on the maximum determinate domain of solution.
Moreover, noting (88), we have:(
AN(0, x),VN(0, x)
)= (A¯N (0, x), V¯N (0, x))= (AN0(x),VN0(x)), 0 x  LN. (101)
Thus, we find a piecewise C1 solution (Ai(t, x),Vi(t, x)) (i = 1, . . . ,N) to system (40) on the domain R(T¯ ),
which satisfies the initial condition (44), the boundary conditions (45) at x = Li (i = 1, . . . ,N − 1), the interface
conditions (46)–(47) at x = 0, and the nodal profiles given at x = L1 on the interval [T , T¯ ]. This finishes the proof. 
Remark 3.4. In Theorem 3.3, the number of the given nodal profiles and that of the boundary controls still satisfy the
relationship (12). In this situation, 2 nodal profiles are given at the simple node x = L1, but they should satisfy one
constraint given by the boundary condition at this node, while there is 1 boundary control given at one of the other
simple nodes, for example, at x = LN . See Fig. 5.










and T¯ > T . For any given initial data (Ai0(x),Vi0(x)) (i = 1, . . . ,N) with small norm∑N
i=1 ‖(Ai0(x) − Ai0,Vi0(x) − Vi0)‖C1[0,Li ] and for any given functions q0(t) and qi(t) (i = 2, . . . ,N − 1)
with small norms ‖q0(t)‖C1[0,T¯ ] and ‖qi(t) − Ai0Vi0‖C1[0,T¯ ] (i = 2, . . . ,N − 1), such that the conditions of C1
compatibility are satisfied at the points (t, x) = (0,0) and (0,Li) (i = 2, . . . ,N − 1), respectively, if we give the
nodal profiles ( ¯¯a1(t), ¯¯v1(t)) at x = 0 on the interval [T , T¯ ] with small norm ‖( ¯¯a1(t) − A10, ¯¯v1(t) − V10)‖C1[T ,T¯ ],
then there exist boundary controls q1(t) at x = L1 and qN(t) at x = LN on the interval [0, T¯ ] with small norms
‖qi(t) − Ai0Vi0‖C1[0,T¯ ] (i = 1,N), such that the corresponding mixed initial–boundary value problem (40) and
(44)–(47) admits a unique piecewise C1 solution (Ai(t, x),Vi(t, x)) (i = 1, . . . ,N) on the domain R(T¯ ) with small
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norm
∑N
i=1 ‖(Ai(t, x)−Ai0,Vi(t, x)−Vi0)‖C1[Ri(T¯ )]. Moreover, at the multiple node x = 0 the solution satisfies the
given nodal profiles
A1(t) = ¯¯a1(t), V1(t) = ¯¯v1(t), T  t  T¯ . (103)












Similarly to the proof of Theorem 3.3, introducing a suitable artificial boundary condition at x = L1 and LN ,
respectively, we can get a piecewise C1 solution (A¯i(t, x), V¯i(t, x)) (i = 1, . . . ,N) to system (40) on the domain
R(T1) with corresponding small piecewise C1 norm, and this solution satisfies the initial condition (44), the interface
conditions (46)–(47) and the boundary conditions (45) for i = 2, . . . ,N −1. Hence, we can get (a¯1(t), v¯1(t)), the value
of (A¯1(t, x), V¯1(t, x)) at x = 0 on the interval [0, T1]. Since T1 < T , we can construct a smooth function (a1(t), v1(t))
at x = 0 with small C1[0, T¯ ] norm, such that(
a1(t), v1(t)
)= { (a¯1(t), v¯1(t)), 0 t  T1,
( ¯¯a1(t), ¯¯v1(t)), T  t  T¯ . (105)
Then, similarly to the proof of Theorem 3.3, with the initial condition (A1,V1) = (a1(t), v1(t)) (0  t  T¯ ) at
x = 0, the boundary condition reduced from the original initial condition (44) for i = 1
t = 0: A1V1 = A10(x)V10(x), 0 x  L1, (106)
and an artificial boundary condition given at t = T¯ , we solve a rightward mixed initial–boundary value problem
for system (40) for i = 1 on the first canal to get a C1 solution (A1(t, x),V1(t, x)) on the domain R1(T¯ ) with
corresponding small C1 norm, and, noting (104), this solution satisfies the initial condition (44) for i = 1.
Next, for each k = 2, . . . ,N − 1, on the kth canal we solve a forward mixed initial–boundary value problem on
the domain Rk(T¯ ) to get a C1 solution (Ak(t, x),Vk(t, x)) to system (40) for i = k with the initial condition (44) for
i = k, the boundary condition (45) and the “energy-type” interface condition (47).
Finally, by the total flux interface condition (46) and the “energy-type” interface condition (47) for i = N , we can
uniquely determine the value of (AN(t, x), VN(t, x)) at x = 0. Taking this value as the initial data at x = 0, together
with the boundary condition reduced from the original initial condition (44) for i = N
t = 0: ANVN = AN0(x)VN0(x), 0 x  LN, (107)
and an artificial boundary condition given at t = T¯ on the N th canal, we solve a rightward mixed initial–boundary
value problem for system (40) for i = N to get a C1 solution (AN(t, x),VN(t, x)) on the domain RN(T¯ ), and,
noting (104), this solution satisfies the initial condition (44) for i = N . 
Remark 3.5. In Theorem 3.4, both the number of the given nodal profiles and that of the boundary controls still satisfy
the relationship (12). In this situation, 2 nodal profiles are given at the multiple node x = 0, while 2 boundary controls
are chosen at x = L1 and LN , respectively. See Fig. 6.
Remark 3.6. Comparing Theorems 3.3 and 3.4 with Theorems 3.1 and 3.2, we find that the boundary controls can
transfer from one node to another one. In Theorems 3.1 and 3.2, there is always one boundary control at the multiple
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node, while, in Theorems 3.3 and 3.4, this boundary control transfers from the multiple node to a simple node x = LN
(see Figs. 3 and 5, also see Figs. 4(2) and 6). This is a special property for unsteady flows on a star-like network of
open canals, caused by the particular form of the interface conditions at the multiple node. Usually, we cannot find
this property for general nonlinear interface conditions (see [8]). Hence, for unsteady flows on a star-like network of
open canals, wherever the nodal profiles are given, the boundary controls can be chosen only at simple nodes. So,
in practical problems, if the boundary control cannot be chosen at the multiple node, namely, the total flux interface
condition (46) is homogeneous, the exact boundary controllability of nodal profile can still be realized.
4. Exact boundary controllability of nodal profile on a tree-like network of open canals
In this section, we will improve and generalize the results in Section 3 to the case of tree-like network of open canals
with general topology. Consider a tree-like network composed of N horizontal and cylindrical canals: C1, . . . ,CN .
Without loss of generality, we suppose that one endpoint of canal C1 is a simple node of the network, and take it as a
starting node E. See Fig. 7.
For the ith canal, let di0 and di1 be the x coordinates of its two endpoints, and Li = di1 − di0 its length. For the
convenience of statement, in what follows we simply use di0 and di1 to express the nodes x = di0 and di1, respectively.
We suppose that di0 is closer to E than di1 in the network and d10 is just E. The corresponding Saint-Venant system
















i + ghi(Ai)+ gYbi (i = 1, . . . ,N) (109)
with
h′i (Ai) > 0 (i = 1, . . . ,N) (110)
and Ybi (i = 1, . . . ,N) being constants.
The initial condition is given by




, di0  x  di1 (i = 1, . . . ,N). (111)
Let M and S be two subsets of {1, . . . ,N}, such that i ∈M if and only if di1 is a multiple node, while, i ∈ S if
and only if di1 is a simple node. In other words, S is the index set of all the simple nodes except E, while M is the
index set of all the multiple nodes.
At the simple node d10, we have the flux boundary condition
x = d10: A1V1 = q0(t). (112)
When i ∈ S , we have the flux boundary condition at the simple node di1
x = di1: AiVi = qi(t), (113)
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j∈Ji
AjVj = AiVi + qi(t), (114)
x = di1:
Sj = Si, ∀j ∈ Ji , (115)
where Ji denotes the set of all the indices j such that node dj0 is just node di1, namely, Ji is the index set of all other
canals which jointly possess the multiple node di1 with the ith canal Ci .
Next, we will generalize Theorems 3.1 and 3.2 to the tree-like network. Since only one function can be chosen as
a boundary control at each multiple node, the nodal profiles cannot be given too arbitrarily, then both nodal profiles
and boundary controls should satisfy some principles.
Principle 1 (Principle of providing nodal profiles): Nodal profiles should always be given as a form of
(Ai,Vi) = ( ¯¯ai(t), ¯¯vi(t)). For any given canal Ci in the network, (Ai,Vi) as nodal profile should be possibly given
only at one node of this canal. For any given two canals with a joint node, for example, the ith and the kth canals,
if (Ai,Vi) and (Ak,Vk) are simultaneously given as nodal profiles, then these two pairs of profiles should be given on
the joint node.
Correspondingly, we have:
Principle 2 (Principle of choosing boundary controls): If a pair of nodal profiles is given at a simple node, then at
another node (multiple node) of the corresponding canal, we choose qi(t) in the total flux interface condition (114) as
a boundary control. If some pairs of nodal profiles are given at a multiple node, then we choose qi(t) at this multiple
node as a boundary control, while, at other nodes (simple or multiple nodes) of the canals corresponding to the given
nodal profiles, we choose qi(t) in (112), (113) or (114) as boundary controls.
Based on these principles, we can get the following theorem.
Theorem 4.1. For any given tree-like network of open canals, there exist a suitably large controllability time T
and T¯ > T , if some nodal profiles are given according to Principle 1 on the interval [T , T¯ ], then we can choose
corresponding controls according to Principle 2 on the interval [0, T¯ ], such that the exact boundary controllability of
nodal profile can be realized on this network. Here, we still ask the C1 norms of the corresponding functions suitably
small and the conditions of C1 compatibility being satisfied.
Proof. Similarly to the proof of theorems in Section 3, on the tree-like network under consideration we need only to
construct a piecewise C1 solution to system (108) on the domain R(T¯ ), such that it satisfies the initial condition (111),
those boundary conditions and interface conditions (112)–(115) without boundary controls, and the nodal profiles
given on the interval [T , T¯ ]. For this purpose, we will use the induction on the number of the multiple nodes of the
tree-like network.
For a network with only one multiple node, namely, a star-like network, by Principles 1 and 2, the nodal profiles and
the corresponding boundary controls should be given by the way described in Theorem 3.1 or 3.2. So, Theorem 4.1 is
true.
We now suppose that Theorem 4.1 is true for a tree-like network with M multiple nodes. We consider a network of
open canals with M + 1 multiple nodes.
Case 1: There exists a multiple node di1 (i ∈M) at which some pairs of nodal profiles are given. Without loss of
generality, we suppose that (Ai,Vi) is such a pair of nodal profiles given at di1. Cutting the network at the multiple
node di1, we get several subnetworks, and the number of the multiple nodes in each subnetwork is less than M .
See Fig. 8.
On the subnetwork with the ith canal (subnetwork A in Fig. 8), a pair of given nodal profiles
(Ai,Vi) = ( ¯¯ai(t), ¯¯vi(t)) is given at the simple node di1 on the interval [T , T¯ ], and we can find an artificial flux
boundary condition at di1, being compatible with the nodal profiles. Then, all the nodal profiles given on this
subnetwork still satisfy Principle 1, and the corresponding boundary controls chosen according to Principle 2 on this
102 Q. Gu, T. Li / J. Math. Pures Appl. 99 (2013) 86–105Fig. 8. Split of the tree-like network (case 1).
Fig. 9. Split of the tree-like network (case 2).
subnetwork are exactly the same as the controls on the original network but restricted to the subnetwork. By induction,
we can find a desired piecewise C1 solution on this subnetwork. Thus, we can get Si(t), the value of Si at x = di1,
by the corresponding value of (Ai(t, x),Vi(t, x)).
Next, we consider a subnetwork containing the j th canal (j ∈ Ji ). At the simple node dj0 of this subnetwork,
there may be no given nodal profiles (see subnetwork B), or a pair of nodal profiles (see subnetwork C). However,
by Principle 1, the nodal profiles (Aj ,Vj ) should not be given at the node dj1 in both cases. Hence, with the boundary
condition
Sj (t) = Si(t) (116)
at dj0 = di1, by Remark 3.2 we can get a desired piecewise C1 solution on this subnetwork by induction.
Considering all j (j ∈ Ji ), and putting all the piecewise C1 solutions together, on the whole network we get a
piecewise C1 solution on the domain R(T¯ ), which satisfies all the initial conditions and all the given nodal profiles.
Since there is a boundary control function in the total flux interface condition (114) at the multiple node di1, while,
the “energy-type” interface conditions (115) are obviously satisfied, the solution satisfies all the boundary conditions
and all the interface conditions without boundary controls on the whole network.
Case 2: All the nodal profiles are given at simple nodes. Without loss of generality, we suppose that a pair of
nodal profiles (A1,V1) is given at the simple node d10 on the interval [T , T¯ ]. Thus, on the first canal, we can find
a C1 solution (A1(t, x),V1(t, x)) to system (108) for i = 1 with the initial condition (111) for i = 1, the boundary
condition (112) and the nodal profiles given at the simple node d10. Then we can get S1(t), the value of S1 at the
multiple node d11, by the corresponding value of (A1(t, x),V1(t, x)).
Next, we cut the network at the multiple node d11 and get several subnetworks, and the number of the multiple
nodes in each subnetwork is less M . See Fig. 9.
We now consider the subnetwork containing the j th canal (j ∈ J1). At the simple node dj0 of the subnetwork,
taking the boundary condition
Sj (t) = S1(t), (117)
by Remark 3.2, we can similarly get a desired piecewise C1 solution on this subnetwork by induction.
Considering all j (j ∈ J1), and putting all the piecewise C1 solutions on these subnetworks together with
(A1(t, x),V1(t, x)), on the whole network we get a piecewise C1 solution on the domain R(T¯ ), which satisfies all the
initial conditions and all the given nodal profiles. Since there is a boundary control function in the total flux interface
condition (114) at the multiple node d11, while, the “energy-type” interface conditions (115) are obviously satisfied,
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the solution satisfies all the boundary conditions and all the interface conditions without boundary controls on the
whole network. This finishes the proof. 
Remark 4.1. By Principles 1 and 2, it is easy to see that (12) still holds for Theorem 4.1. See Fig. 10. There are 6 nodal
profiles in total, 2 of them are given at the simple node E, but they should satisfy a corresponding boundary condition,
while, the other 4 nodal profiles are given at the multiple node H , but they should satisfy a corresponding “energy-
type” interface condition, so there are 2 constraints in total. Moreover, the number of the corresponding controls is
equal to 4.
By Theorems 3.3 and 3.4, we can give a more general principle for choosing boundary controls.
Principle 3 (Principle of choosing and transferring boundary controls): Based on choosing the boundary controls
according to Principle 2, suppose that we have chosen qi(t) as a boundary control at the multiple node di1 (i ∈M),
and there are neither nodal profiles nor boundary controls given at one of the nodes next to di1, for example, at di0
(dk1 (i ∈ Jk)) or at dj1 (j ∈ Ji ), then the original boundary control qi(t) can be replaced by qk(t) or qj (t), appearing
in the total flux interface condition or in the flux boundary condition, at the corresponding node.
By Theorems 3.3 and 3.4, similarly to the proof of Theorem 4.1, we can get
Theorem 4.2. For any given tree-like network of open canals, there exist a suitably large controllability time T and
T¯ > T , if we give the nodal profiles according to Principle 1 on the interval [T , T¯ ], then we can choose the cor-
responding boundary controls according to Principles 2 and 3 on the interval [0, T¯ ], such that the exact boundary
controllability of nodal profile can be realized on this tree-like network. Here, we still ask the C1 norms of the corre-
sponding functions suitably small and the conditions of C1 compatibility being satisfied.
In Theorem 4.2, the boundary controls chosen at node A according to Principle 2 in Fig. 10 can be replaced by the
boundary controls at node B or C, see Figs. 11 and 12.
Remark 4.2. By Principles 1, 2 and 3, it is easy to see that (12) still holds for Theorem 4.2.
Remark 4.3. In fact, Principle 3 can be successively applied. Suppose that a boundary control has been transferred
and replaced by a new one according to Principle 3. If this new boundary control is still put at a multiple node and if
there are neither nodal profiles nor boundary controls given at one of the nodes next to this multiple node, then the
control can be further transferred to that node. In Fig. 12, the boundary control at node A has been transferred to node
C according to Principle 3, then it can be further transferred to node D, F or G. Moreover, several boundary controls
on the network can be simultaneously transferred according to Principle 3. In Fig. 10, when we transfer the boundary
control at node A as before, we can also transfer the boundary control at node H to node I or J . But the transfers of
several boundary controls cannot be interrupted by each other, in other words, all the canals involved in the transfer
of a control cannot intersect with the canals involved in the transfer of another control. See Fig. 13. The boundary
controls at nodes A and K cannot be simultaneously transferred to nodes L and J , respectively, since during the
transfer of controls, the canals intersect at joint node H .
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Fig. 13. Impossible transfer of controls.
Remark 4.4. If the number of the given nodal profiles is suitably small on a tree-like network of open canals, then
we can get the exact boundary controllability of nodal profile with boundary controls only at some simple nodes by
the transfer of controls. In this situation, we can still get the controllability of nodal profile, even though there are
no boundary controls at multiple nodes, namely, (114) is homogeneous. Especially, for the situation that only one
pair of nodal profiles is given on the tree-like network, if the nodal profiles are given at a simple node, then we can
get the exact boundary controllability of nodal profile with one boundary control at any one of other simple nodes;
while, if the nodal profiles are given at a multiple node, then we can get the exact boundary controllability of nodal
profile with two boundary controls respectively at two simple nodes, and these two simple nodes should be on two
subnetworks located respectively on two sides of the canal related to the given nodal profiles.
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